1. The region where U = c, c being the w ave velocity, is the source where vibrations are generated; i.e. the slowly varying vibrations give rise to large rapidly varying vibra tions in passing through the critical point.
. I n t r o d u c t i o n a n d s u m m a r y
Many attem pts have been made to prove th at laminar flow is unstable at sufficiently high Reynolds numbers and th at the subsequent motion becomes turbulent.
A critical survey of this question was given by Southwell & Chitty (1930) . The problem of stability was also discussed by Noether (1926) , Goldstein (1936) and Pekeris (1936 Pekeris ( , 1938 . Squire (1933) has shown th at if the two-dimensional flow in a channel becomes unstable its critical Reynolds number is lower than the critical Reynolds number of a three-dimensional flow; and that, accordingly, it is sufficient to treat the problem of stability in two dimensions. Heisenberg (1924) , Tietjens (1925) and Tollmien (1929) considered several instances of laminar motion and found instability. The results, however, of Heisen berg and Tollmien are invalid, since their transformations of the non-viscous integrals through the critical point are incorrect. Tietjens discussed the special case of profiles, consisting of broken straight lines; this eliminates the transformation of the non-viscous integrals. The transformation of viscous integrals was found numerically
The problem of turbulent motion consists, in the first instance, in finding a solution of a fourth order differential equation containing a large parameter. The equation has two slowly varying, non-viscous integrals and two rapidly varying, viscous integrals. Because of the large parameter the integrals have to be expressed in an asymptotic form.
In order that the solution may satisfy the required boundary conditions the wave velocity has to be equal to the mean velocity at some region between the axis and the planes (Noether 1926, p. 234) , with the result th at the asymptotic expansions have a critical point.
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The main mathematical difficulty of this problem is in finding the transformations of the integrals through the critical point.
In the present paper the flow between parallel planes is considered, and the equations of motion are solved under the condition th at e (3-15) and a 2 (2-6) are small, so th at their squares and higher powers can be neglected.
If U is the mean motion the following main results are obtained:
(1) The region where U -c, c being the wave velocity, is the source where vibrations are generated; i.e. the slowly varying vibrations give rise to large, rapidly varying vibrations in passing through the critical region ( §3).
(2) Curved profiles admit a periodic motion at sufficiently high Reynolds numbers ( §5).
(3) Parabolic flow is unstable at high Reynolds numbers, i.e. an infinitely small disturbance is sufficient to break up such flow.
The critical Reynolds number is equal to = 6700, and the corre sponding wave-length is about three times the width of the channel ( is the mean velocity at the axis, and h is the half-width of the channel) ( § 6).
Consider the flotv between two parallel planes, the direction of the x and y axes being parallel and normal to the planes respectively; the x direction is also parallel to the mean flow. The origin of co-ordinates is midway between the planes, the distance between the planes being equal to two.
The equations of motion are and eliminating p between equations (2T), then (2-3)
. E q u a t i o n s o f m o t i o
where TJ is the mean motion, and it is a function of y only, and , v' and depend also on time.
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Substituting (2*4) in (2*3) and dropping the primes, then
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In the first approximation neglect the quadratic terms and put ei(pt-ax)ŵ hence (2-5) becomes
olution p has to satisfy the boundary conditions
The equation (2*7) has four integrals. Two of them are rapidly varying functions; they are due to viscosity and are only sensible near the walls. The other pair depends very little on viscosity for the greater part of the channel; they change slowly across the channel, and are mainly responsible for the turbulent velocities as usually observed.
The equation (2-7) has to be solved for real values of a and /?; it is assumed th at fi -<xU vanishes at some point between the axis and the boundary, and th at w" 4= 0 at that point.
Since tv -c is an even function in y, the equation (2*7) has two even and two odd solutions, and only the range of y between zero and unity need to be considered.
In the following only the even solutions will be discussed.
. NON-VISCOUS INTEGRALS
It is convenient to transform the equation (2-7) as follows. Let the half-width of the channel be h\ put
where U0 is the mean velocity along the axis of the channel. The equation (2-7) is transformed, after dropping the primes, into and, applying the method of variation of parameters, the second integral is found as
Assuming th at a 2 and 1/a.R are sufficiently small the solution of (3-2) can be expanded in powers of a 2 and 1/a.R by the method of successive approximations.
Rewriting the equation (3-2) as F ,( 3-6) w -c a particular solution of (3*6) is
and a simple computation leads to
where the integrals denote successive integrations and not products (Heisenberg 1924, p. 586) , and only terms up to the order a 2 and 1/cxR are retained. The expressions (3*7) do not depend, in the first approximation, on Reynolds's number, i.e. on viscosity; they change slowdy across the channel between the critical points; they can be, accordingly, termed as non-viscous, slowly varying, integrals. Since w -c is an even function in y, and are odd and even in y respectively. I t can be shown (Noether 1926, p. 234) that, unless vanishes somewrhere between the axis and the boundary, the equations (2-7) and (2-8) cannot be satisfied for real values of c and a; it is, therefore, assumed th at w -c = 0 at = (3*8)
here will be also a root at y = -y0. I t will be show'll below th a t some of the terms in ijf1 and \[r2 become infinite at y0; these terms are not valid near y0, and they change their form in passing through this point; on the other hand, the terms which remain finite, i.e. the regular terms, preserve their form throughout the region.
The singular components of the integrals \Jsx and can therefore be treated as asymptotic approximations valid only between the axis and up to a certain distance from y0; the latter point is a critical point of these asymptotic expansions, although it is an ordinary point of the equation (2*7).
Transformation through the critical point
Tr> fix ideas consider the integral even in The first term, i.e. is regular, and it preserves its form in passing through the critical point y0.
Consider now the term proportional to a 2, namely,
{w-c)S l w^i l (w~c)2dy-

<3'9)
Transforming (3-9) to a new variable z, where
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{w-c)L^S y -c)2dz+{w-c)L^S > -c)*dz-(311)
The second term is regular (it remains, together with its derivatives, finite within our range), and it need not be considered.
Expanding (w -c)2 round the point z = 0 in the (3-11) and retaining only two terma, then where w' Q and w'q are derivatives with respect to at 0; whence the singular term is " 5 ; (w -c) log (3-13) wo and the regular component of up to the order a 2 inclusive is
= (w-c) + a2^( w -c )^-^^^\ w -c ) 2dy+p^(w-c)log(y0-y)^,
(3-14)
The above regular component of preserves its form, and it is only necessary to find how the term (3*13) is expressed round the critical point.
To that end the equation (3*2) is transformed to a new variable y, where (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) and the solution is expanded in powers of the small parameter e. The singular term (3-13), except for a constant, is (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) or, expressed in the new variable rj,
Since e is usually very small and 7], as it will be shown belo asymptotic range and does not depend on the value of e, the first term only is retained in (3-17) ; i.e. one has to find the transformation of ijlogTj.
(3*18)
Now, e (3-15) is negative since w'0 is negative; accordingly the following relations hold good (3-15): z = y -y 0i 0; , S 0, and the problem is reduced to the following to find an integral of (3*2) which for positive 7] asymptotically tends to (3-18) to the order of Although z is small, e being very small, can be made large enough to lie within the asymptotic range of the integral obtained. In fact, it will be shown th a t 4 satisfies the required conditions.
The solution of this rather involved problem is given elsewhere (Meksyn) ; the final result is as follows:
The required integral is (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) and T(rf) + tj -> rj log 7), when 0. When 7] is negative and large, T ( tj) tends to
The above expression is, however, identical with th at of the viscous integral (4*10). Therefore the following very important result accrues: th a t of the non-viscous integral which is almost equal to zero at the axis becomes into a viscous integral in passing through the critical region.
The physical interpretation of this result is th at the critical region is a source where vibrations are generated; th at explains how turbulent motion is possible.
Viscous forces generate vibrations within the critical region and these vibrations are then destroyed near the axis of the channel; when equilibrium is established between these two forces turbulent motion can persist.* Below are given the values of T(rj) + ij and its derivatives for a set of values of >/, together with the corresponding curves. Taylor ( Proc. Boy. Soc. ( 1935) , A, 151, 455-464) has also proved th a t near th e wall of a channel m ore tu rb u len t energy is generated th a n destroyed, and th a t th e opposite takes place njgar the axis. It can be seen th at the asymptotic expression tj log is valid even very close to the critical point.
The solution was pursued up to the first power of e; there is no difficulty in finding the corresponding transformation for terms of higher power in e; they are not needed, however, in the present case.
Since
(y -y0) log (y0 -y) = 2 log ( -2) = ey(logy + log | e|), (3 (3-24)
The expression in the last bracket on the right-hand side (3-24) is equal to (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) y + y log | e | + T(y).
Rapidly varying (viscous) integrals
To find the rapidly varying integrals of (2-7) assume
where A is a slowly varying function of y, and £ includes the large parameter ( which is contained in (/? -olU)/v; a is assumed small.
Differentiating (4-1), substituting in (2-7) and equating to zero the two terms of the highest order, then, by rather tedious calculation, where the letters 03 and 04 are used instead of 0 3 and 0^, the latter being reserved for odd and even functions in y.
I t can be seen from (4-2) th a t the integrals depend on R, i.e. viscosity, and for large R they are rapidly varying functions of y. Now to construct from (4-3) an even solution in y. The coefficients in (2*7) are even functions in y, and the equation has accordingly two odd and two even integrals.
Let i ] s4 be an even solution different from ij/t \ since = 0 is an ordinary point of the equation, x j r4 will be completely determined if its value, together with its vatives up to the third order inclusive, are specified at = 0.
Since is an even function it satisfies the conditions ijr^ = finite, ^4 = 0 = ^4, ^4 -finite at = 0. The expression (4-7) is valid between y = 0 and t too close to it, since at that point ^4 becomes infinite (£' = 0); it changes its form in passing through the critical point.
The derivation of the continuation of (4-7) through the critical point is very involved, and it will be given elsewhere (Meksyn) ; here only the final result is quoted.
The function ^4 (4-7) becomes near y -0 (3* 15) (4) (5) (6) (7) (8) (9) (10) a 2 ^In which is of the same form as (3*21); this bears out the previous statem ent th a t the -slowly varying solution tends to the rapidly varying one in passing through the critical point.
In table 2, and ^ are given for several values of they are also plotted in figUre 3' Table 2 400 D. Meksyn As can be seen from these data, i / r4 and ^4 tend rapidl fact, a detailed examination of the solution (4*8) proves the above conclusion.
A viscous solution which vanishes for positive and large y was evaluated numeri cally by Tietjens-(1925, p. 217) , and a comparison can be made with the present analytical results.
Tiet jens evaluated ^4/^4 for a set of negative values of ; it is given by his constant -D; Tietjens's equation, however, is conjugate to th a t given here; accordingly the sign of the imaginary term inDh as to be changed. The corresponding values are given in table 3. The agreement is very satisfactory, since the numerical method, especially in the present case, can give only approximate results.
For very large negative rj, the ratio ^4/^4 tends to g-77^/4 W as can be seen from (4-10).
In figure 4 the real and imaginary parts of ^4/^4 are plotted against each other and the variable rj.
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F u n d a m e n t a l e q u a t i o n . C r i t i c a l R
Only the even solutions of (2-7) will be considered; accordingly let = A f t z + B x j r (5 -1 )
where A and B are constants.
Vol. 186. A.
D. Meksyn
The boundary conditions are
Similar boundary conditions at y = -1 will also be sati function in y.
From (5-1) and (5-2) follows the fundamental equation
nctions \]f2 and ^4 are given by (3*24), (4*8) and tabulated in tables 1-3. It will be assumed below that the differentiation of and ^4 is taken with respect to r) and not z, since th at simplifies somewhat the computations. P ut for brevity
where A x = w -c and oc2A 2, a.2B 2 are the real and imaginary parts of the remainin terms in i//2; whence (5-3) becomes, after separating real and imaginary terms,
Eliminating a 2 one finds after few transformations
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A'x was eliminated since for an arbitrary profile its value is rather more difficult to estimate than th a t of A x. The equations (5*6) and (5-7) have to be solved for real values of a and c which correspond to the wave-length and the frequency of the corresponding vibrations.
Since, however, w -c = 0 a t y y0> the quantity c is determined if the position of the critical point is known. The equations (5-6) and (5-7) depend also on the quantity
The equations are therefore solved in the following way. Assume th at the boundary is at the distance y = 0, y = -1, ... from the tables 1-3, (5-6) is evaluated for a set of negative values of and the corresponding value of w'o/wQe is found; a 2 is then obtained from (5-7).
The computations are straightforward except for the following; A 2 includes a component proportional to (3*24) p^( w -c ) log (y0 (5-9) and it will also be necessary to evaluate ri w'L ry* A XA'0 -A'XA 0 = e I (w -c)2d y + p -^e Jo Jo To evaluate p (5-10) some assumption has to be made as to the expression for w, and the value of y0\ as a first approximation assume th at w -c = 1 -y 2, y0 = 1, (5-11) whence p = f (1 -y2)2dy = Jo 15 The assumption y0 = 1 is rather crude and it leads to somewhat high val it does not affect greatly the value obtained for w'Jwie, because p drops out from the equation (5*6); it affects, however, the value of a.
In evaluating (5-9) only the dominant term is retained, whence (5-13)
To elucidate the method of computation and the approximations involved one of the results in the table will be worked out briefly; namely, the case -3.
From ( In figure 5 the quantity w ' J ŵ ei s plotted against it starts from th of 0-81 and increases to oo when 1 = 0 which is a t rj = -2*3; it then starts from reaches its maximum value of about -16 a t 5 -3, and then tends to -oo. oo, Very important conclusions can be derived from table 4 and figure 5. The existence of a solution depends on the value of the quantity the above result can be applied to any profile which does not change very rapidly and is decreasing from the axis to the boundary; for such profile is negative, and, w hat ever the value of w'Jw'q may be, whether positive or negative, a quantity e can be found sufficiently small, so that w'Jw'q E lies on the curve, either on the positive or on the negative branch of it.
The following conclusion results:
Provided that Reynolds's number is sufficiently high (i.e. e small) curved profiles admit a periodic motion.
It will be shown below th at the flow near the boundary is largely parabolic, even in the case of turbulence ; and it would be reasonable to assume th at for the actual profiles w'q Iw'q is positive; accordingly, the lower curve is of greater importance, and from this it follows that a solution is only possible if which shows th at generally speaking each profile admits a periodic solution only above a certain Reynolds number; the least Reynolds number corresponds tb the vertex of the lower curve. It should be emphasized th a t the above results are valid so long as a is not much larger than unity. There is, however, no difficulty in applying the same method to higher values of a; th at might entail the consideration of terms of higher powers in e, i.e. terms like zn log ( -z) when n> 1; the meth can be easily generalized for the latter case. 
The critical Reynolds number when laminar motion becomes unstable corre sponds to the vertex of the negative branch in figure 5 .
(a) First approximation. As a first approximation assume, accordingly (figure 5),
-fr~ = -16-6, 7 j w0e (6-1)
The critical point is found from 1~y 0 = ye= -3e. (6) Second approximation. The main correction to the first approximation comes from the new value of p (3-14) which will be evaluated for y0 = 0-88; the term -z2 which was neglected in the expression for w -c will also be roughly accounted for. then from (7*1) and (7-3) by integration where and U is the mean velocity.
Since (7-3) (7-4) it can be shown th at uv = £ ia (^a (7-6) a where the sign ~ denotes a conjugate complex quantity and the differentiations are taken with respect to y. Certain properties of the mean motion a t the boundary can be immediately derived. Since xjr and \]s' vanish on the boundary it is easily deduced from (7-4) and (7-6) and by differentiation th at -y U ' = P y , -y U " = P, also hold on the boundary; thus the flow close to the boundary is to a great extent of parabolic type, although with a higher pressure gradient than occurs in the case of laminar flow. From the expressions (7*4) and (7-6) the mean motion close to the axis can be found; only one frequency is considered.
P ut
\Jr -dijf2, where di s a constant and can be neglected near the axis; whence (3'7)
\Jr dl(w -c) + i(w -c) ccR rv
Jo (w -c)' l Substituting (7-9) in (7*6) it is found that (7-4) (7-9) (7-10) (7-11) (7*12) (7-13)
